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ABSTRACT. The purpose of this article is to introduce the relative p-capacity Cap p n with 
respect to an open set CI in R w . It is a Choquet capacity on the closure of Q. and extends the 
classical p-capacity Cap ; , in the sense that Cap ; , n = Cap p if Q. = M. N . The importance of 
the relative p-capacity stems from the fact that a large class of Sobolev functions defined on 
a 'bad domain' admits a trace on the boundary dQ. which is then unique up to Cap p fi -polar 
set. As an application we prove a characterization of Wq P (CI) for open sets Q. C M. N . 
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1. Introduction 

The notion of capacity is fundamental to the analysis of pointwise behavior of Sobolev 
functions. Depending on the starting point of the study, the capacity of a set can be defined 
in many appropriate ways. The Choquet theory [7] gives a standard approach to capacities. 
Capacity is a necessary tool in classical and nonlinear potential theory. For example, given 
an open set £2 C M. N the classical p-capacity and the relative p-capacity can be used to 
decide whether a given function u G W 1 '?^) lies in W ' p (£2) or not. The purpose of this 
article is to introduce an extension of the classical p-capacity which we call the relative 
p-capacity. Here relative means with respect to an open and fixed set £2 C M. N . 

2000 Mathematics Subject Classification. 3 1 B 1 5 . 

Key words and phrases. Relative Capacity, Traces of Sobolev functions. 

1 



THE RELATIVE CAPACITY 



2 



For further results on the classical /^-capacity and other capacities we refer the reader to 
the following books and the references therein: David R. Adams and Lars I. Hedberg [1], 
Nicolas Bouleau and Francis Hirsch [6], Gustave Choquet [7], Lawrence C. Evans and 
Ronald F. Gariepy [11], Juha Heinonen and Tero Kilpelainen and Olli Martio [16], Jan 
Maly and William R Ziemer [18] and Vladimir G. Maz'ya [19]. 

2. Preliminaries 

2.1. Classical Function Spaces. Let T be a topological space. Then we denote by C(T) 
the space of all real-valued and continuous functions on T and by C C (T) the subspace of 
C(T) consisting of those functions having compact support. For an open and non-empty 
set Q. C M. N and k e No we let C k (Cl) be the subspace of C(£l) consisting of those functions 
which are k times continuously differentiable, that is, 

C*(Q) := {ueC{Q.):D a ueC(Q.) for all a € Nq with \a\ <k}. 

Let C°°(Q.) be the subspace of C(Q) given by C°°(i2) := H^nC*^) and let 3>{£l) be the 
space of all test functions on £1, that is, 

:= C°{Q,)r\C c (Q.) ={»£ C°°(i2) : supp( M ) C D. is compact} C @(R N ). 

Its topological dual (see Dautray and Lions [8, Appendix]) is denoted by and is 

called the space of distributions. For p G [1,°°) the first order Sobolev space C 
L p (£l) is given by 

W l > p (£l) := {ueL p (n):D a ueL p (Q.)m@'(Q.)for alia with \a\<l} 

H»ll^ (0) == E ll^ull^a)- 

|o|<l 

In the following we will work with the closed subspace W 1 of the classical Sobolev 
space W l ' p (£l) defined as the closure of W^P(Q.) DC C (Q.) in W 1 >P(Q) where the above 
intersection is defined by 

W l ' p {a)nC c (H) := {u\ a : u G C c {U),u\ a e W lj, (Q)} . 

For a real-valued function u we denote by u + the positive part and by u~ the negative part 
of u, that is, u + := max(M,0) = u VO and u~ := (—u) + . 

Remark 2.1. If Q. C M. N is an open set with continuous boundary and p € [1,°°), then 
the restrictions of functions in @(M. N ) to Q. are dense in W l ' p {Q.) and hence W 1 ' P (Q.) = 
W 1,P (Q.). See Edmunds and Evans [10, Chap. V, Theorem 4. 7] or Maz'ya andPoborchi [20, 
Theorem 1.4.2.1]. 

Remark 2.2. For 1 < p < °o the space W l,p (£l) is a uniformly convex (and hence by 
Milman's theorem a reflexive) Banach space. This follows by identifying W l ' p (Q.) with a 
closed subspace ofL p (£l) N+l . For these well-known facts we refer to Alt [2, Theorem 6.8], 
Demkowicz and Oden [22, Proposition 5.13.1(H)], Heuser [17, Satz 60.4] and Yosida [26, 
Theorem V.2.2 ]. 
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2.2. Choquet Capacity. Let T be a topological space. For an arbitrary set D the power set 
of D is denoted by ^(D). A mapping C : 0*(T) — > [— °o,oo] is called a Choquet capacity 
on T if the following properties are satisfied (see Doob [9, A.II.l]). 

(CI) C is increasing; that is,AcBcT implies that C(A) < C(B). 

(C2) (A„)„ C T increasing implies that lim„ C(A„) = C(\J„A„). 

(C3) (K n ) n C T decreasing and K n compact imply lim„ C(K n ) = C(f] n K n ). 
If in addition (CO) holds, then we call C a normed Choquet capacity. 

(CO) C(0)=O; 
In this case, using (CI), we get that C : &(T) — > [0,°°]. 

2.3. Relative Capacity. Given an open set £2 c M. N and p <E (1,°°) the relative ^-capacity 
of an arbitrary set A C £2 is defined by 

Cap P)£i (A) : =inf{||u||^ (£i) : u G %.n{A)} 

where %,n(A) := {u GW^ P (Q.) : 30 open in £2, A C <9,u > 1 a.e. onOnfl}. Here a.e. 
is the abbreviation for almost everywhere with respect to the jV-dimensional Lebesgue 
measure. In the case £2 = M. N we simply get the classical /^-capacity which we denote 
by Cap p := Cap p m jv. The notion of relative 2-capacity was first introduced by Wolfgang 
Arendt and Mahamadi Warma in [3] to study the Laplacian with general Robin boundary 
conditions on arbitrary domains in M. N . Another important application (which will be the 
subject of a forthcoming paper) is the description of vector lattice homomorphisms or 
isomorphisms between Sobolev spaces. 

3. Properties of the Relative Capacity 

In this section we will systematically collect properties of the relative /^-capacity. We 
will assume throughout the article that £2 C M. N is a non-empty open set and p,q G (1,°°). 

3.1. Elementary Properties. 

Remark 3.1. It follows directly from the definition that A*(A) < Cap p£i (A) for all sets 
A C £2 where X* denotes the outer N -dimensional Lebesgue measure. 

Proposition 3.2. Let O be an open set in £2 (which need not be open in M. N ) and let 
p E (1,°°)- IfCap pSl (0) is finite then there is a unique function e G W l,p (£i) such that 

l|eo||^^ (n) =Cap Pi£J (0). 

Moreover, this function satisfies 

eo = 1 a.e. on ODD. and < e<9 < 1 a.e. on £2. 

Proof. The set %&{0) = {u£ W l ' p (Cl) : u > 1 a.e. on On £2} is a closed, convex and 
non-empty subset of the uniformly convex Banach space 1V 1,P (£2). Let (u M )„ C 
be a sequence such that llunll^i.p^) ~~ * Cap pn (<9). By possibly passing to a subsequence 
we may assume that u„ — 1 eo weakly in W 1:P (£2). It follows from Mazur's lemma (see Alt 
[2, Lemma 6.13]) that e G %,o.(0). Moreover, we have that ||eo||^i. P ( n ) = Cap pn (0). 
Using Stampacchia's lemma (see Gilbarg and Trudinger [12, Lemma 7.6 and 7.7]) we get 
that e' :=e+Al= min(e+, 1) G %,n(0) and ||e' || wl , /)(n) < ||e || w i, P (n)- Using that the 
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space W > p (£l) is uniformly convex, we get the uniqueness of in <ty p .Q.(p) and hence 
eo = e' which implies that eo = 1 a.e. on O n£2 and eo £ [0, 1] a.e. on £2. Note that eo is 
the projection of onto (O) . □ 

Lemma 3.3. Let T be a Hausdorff space and let K n C T be a decreasing sequence of 
compact sets. Then for every open set V containing the intersection K := [~\ n K n there 
exists no G N such that K n C V for all n > no- 

Proof. Consider the decreasing sequence of compact sets (C n ) n given by C„ := K n \ V. 
If n;"=i C„ + for all m G N then K \ V = f]„ C„ ± by Munkres [21, Theorem 26.9], a 
contradiction. □ 

Theorem 3.4. The relative capacity Cap p ^ is a normed Choquet capacity on £2 and for 
every A C £2 we have that 

Capp q(A) = inf {Cap p q(0) : (9 is open in Q. and A C 0} . (1) 

Proof. That Cap p£2 satisfies the Choquet properties (CO) and (CI) follows immediately 
from the definition and the fact that for A C B C i2 the inclusion ^p,n(#) C ^,.a(A) holds. 
The validity of equation ([TJ follows also directly from the definition. To get the Choquet 
property (C3) let (K n )„ be a decreasing sequence of compact subsets of Q. and denote by 
K the intersection of all K n . If O is an open set in Q. containing K then there exists «o£N 
such that K„ C O for all n > Hq (see Lemma [33T l. Hence Cap p q(K) < lim„ Cap p q{K„) < 
Cap_ Taking the infimum over all open sets O in £2 containing we get by equation 

(T} that Cap p = lim„ Cap p q{K„). To verify the Choquet property (C2) let (A„)„ be 
an increasing sequence of subsets of £2 and denote by A the union of all A n . Let s :— 
lim„Cap p n (A„) < Cap p n (A) e [0,°°]. To get the converse inequality let u„ e 
be such that ll u ;i||^i, P ^-) < Cap pn (A„) +2~". We may assume that s < °o, otherwise the 
equality will be trivial. Therefore (u„)„ is a bounded sequence in the reflexive Banach 
space W 1 ' p (£2) and hence has a weakly convergent subsequence. Let u 6 W l p (£2) denote 
the weak limit of this subsequence. By Mazur's lemma there is a sequence consisting 
of convex combinations of the u„ with n > j which converges strongly to u. By the triangle 
inequality we get that 

IM|£ij, (Q) <sup||u„||^ liP(£i) <s+2-i. 

n>j 

Moreover, since u„ > 1 a.e. on £2 l~l U„ for an open set U„ containing A„ we get that there 
exists an open set V n (the finite intersection of Uj with j > «) containing A„ such that 
v„ > 1 a.e. on £2n V„. Since (v,-),- converges to u we may assume, by possibly passing to a 
subsequence, that ||v ;+ i — v ;'||vi/i.p(n) — ^ ^ ^ et 

k-l 

w ; : = v j + E l v '+i ~ v, 'l - v / + L ( v '+! ~ v ») = v * for k - J- 

Then wy G W 1,p (Q.) and vjj > 1 a.e. Q. PI V where the open set V is given by V : = [J J= i Vi 3 
A. Therefore 

Cap Pi£i (A)^< ||wy|| < ||vj+£ ||v ; - +1 -v ; -|| <(s + 2-^P + 2 1 ^. 
For j — » oo we get that Cap p q(A) < 5 = lim„Cap p n(A„) which finishes the proof. □ 
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Proposition 3.5. For a compact set K <z£l we have that 

Ca VpiQ (K) = mf{\\u\\ P wLp{n) :ueW 1 -''(Q.)nC c (Ii),u>lonK} 

= inf {|M|* ljl(n) : u G W^(£2) HC(£2> > 1 ohk} . 

Proof. Let u G ^ p ,n(K) be fixed. Then there exists an open set U in M. N containing K such 
that v := (u Al)+ — 1 a.e. on U n£2. Let 77 G 5#{U) be such that tj = 1 onK andO < tj < 1 
and let (v„)„ be a sequence in W 1,/J (£2) nC t (£2) which converges to v in W ,P {Q.). Then 
m„ := TJ + (1 - tj)v+ converges in iy 1,p (£2) to tj + (1 — 7j)v = TJV+ (1 - 7j)v = v. Using 
that u n G W l ' p (Q.) nC c (0), m„ > 1 on ^ and IMI^Lp^ < ||u|| w i, P ( a ) we get that 

Cxp PiSl (K) > inf{|| M ||^ 1 . ;)(a) : M GW 1 '"(n)nQ(£2), M >lon/r} 
> irrf {||"||^i, P(£1) : « € tf 1 "" (£1) nC(£2),w > 1 ouk} . 

For the converse inequality we fix a function u G W 1,/J (£2) nC(£2) such that « > 1 on /T. 
Then m„ := (1 + 1 /«)m G & p ,n(K) and hence 

□ 

Theorem 3.6. The relative p-capacity is strongly subadditive, that is, for all M\.Mi C £2 
Cap /5 _ Q (Mi UM 2 ) +Cap p , n (M 1 HM 2 ) < Cap p n (M0 + Cap p >£2 (M 2 ) (2) 

Proof. Let u ; - G $^n(M/) for j = 1,2 and let u := max(ui,U2), v := min(ui,U2). Then 
u G %.n{Mi UM 2 ) and v G %,a{M Y nM 2 ). Let D\ := (i£f2: ut(jc) < u 2 (x)}, £> 2 := 
{x G £2 : ui(x) > u 2 (x)} and D3 := {x G £2 : Ui(jc) = u 2 (^)}. By Stampacchia's Lemma 



|u" p 



/ |u 2 | p +|Vu 2 | p + / | Ul p , + |Vujf+ / | Ul | p +|V Ul | p 

JD, JDi JD^ 



v C>„™ - /ju 1 r+|vu 1 r+^| U2 |' j +|vu 2 |^+^| U2 r+|vu 2 r 



l W [ -"(£l) J Di 
From this we deduce that 

Cap p , n (M 1 UM 2 )+Cap ; ,, a (M 1 nM 2 ) < ||u||^, „ .„ . -, |;v 



- Il u ill w i,,(a) + ll u 2liwi/'(n)- 
The claim follows now from the definition of the relative p-capacity. □ 

Theorem 3.7. The relative p-capacity is countably subadditive, that is, for all C £2 

Ca P P ,n (U GN A ^ E Ca P P ,n(A0- 

Proof. Let B„ be the union of with 1 < k < n and let A be the union of all A^. It follows 
from the strong subadditivity (Theorem l3.61 l by induction that for all n G N 

n 
k=\ 

Using the Choquet property (C2) we get 

n 

Cap p , a (A) = lim n Cap p n (B n ) < lim„ £ Cap p a {A k ) = £ Cap p n (A i: ). 

(t=l jfceN 
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□ 

3.2. Relations between Relative Capacities. 

Lemma 3.8. Let U c V C R fee non-empty open sets and let q < p. Then for every 
compact set K <ZU there exists a constant C — C(U ,K,q,p) such that for all A C K 

Cap ftV (A)<C.Cap P)lf (A)«/* 

Proof. Let WCCt/bean open set which contains K and let <p £ £F(C/) be such that <p = 1 
on W. Let u <E <3f Pi u(A) be fixed. Then we define v E iy l p (V) by v := <pu on U and v := 
on V \ U. Then v E W q y{A) and hence by Holder's inequality 

Cap^(A) < ||v||^ f(y) = \H q w i m <Ci \H q whm <C||u||« 1J((l/) . 

Taking the infimum over all u E ^{/(A) we get the claim. □ 

Lemma 3.9. Let U c V C R w fee non-empty open sets. Then for every A C U we have that 

Cap Pi[/ (A)<Cap Pil/ (A). (3) 

Proo/ Let u E #p,y(A). Then u|y E %,u{A) and ||u|£/|| w i,p (£/) < ||u|| w i, P(y) . This implies 
that Cap p U (A) < Cap P)V (A). □ 

Proposition 3.10. Let U C V C R w fee non-empty open sets. Then for A G U we have that 

Cap p>u (A)=0 Ca P; , v (A)=0. (4) 

Remark 3.11. /n general Equation (O afoes nof hold for A C c?t/ C t/. More precisely, 
there exists an open, bounded and connected set £2 C R w w/f« N >2 and a smooth set A C 
<9£2 such that the (N — 1)- dimensional Hausdorff measure Jf N - l (A) >Q and Cap pSl (A) = 
Oforall p E (1,°°) - see Biegert [5, Example 2.5.5]. 

Proof. From Equation (01 we get that Cap p v (A) =0 implies that Cap p y (A) =0. Hence to 
prove we have to prove the converse implication. For this let co„ CC U be an exhausting 
sequence of U with relatively compact sets and assume that Cap pU (A) = 0. Then by 
Lemma [3~8l there exist constants C n such that 

Cap P)V (flfc HA) < C„ •Cap p £/ (a)„ nA) = 0. 

Using property (C2) we get that Cap p _ v (U„ ft),, PlB) = Cap p )V (B) = 0. □ 

Definition 3.12. Let £2 C R^ fee a domain and let p £ (1,°°). 77zen we soy fna? Oi'ja ( 1 , /?)- 
extension domain if there exists a bounded linear operator <§ : W l,p (Q.) — > W 1 ' P (R A ') swcn 
f/za? (o'u = u on £2. We say that £2 has the continuous (l,p) -extension property if there 
exists a bounded linear operator S : W ' p (£2) — > W l ' p (M. N ) such that §u = u on £2 ant/ 

«f (w^CflJnc^) cw L "(R A ')nc(R iV ). 

The following is an immediate consequence of Shvartsman [24] and Hajlasz and Koskela 
and Tuominen [13]. 

Theorem 3.13. Let p E (1,°°) and £2 C R^ fee an (l,p)-extension domain. Then £2 has 
the continuous (1 ,p) -extension property. 
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Proof. Since £2 is a (l,/;>) -extension domain, we get from [13, Theorem 2 and Lemma 
2.1] that there exists a constant 5n > such that X(B(x,r)nQ.) > Snr 1 ^ for all < r < 1 
and A(<9£2) = 0. For a measurable set A C K we let M 1,P (A) be the Sobolev-type space 
introduced by Hajlasz consisting of those function u G L P (A) with generalized gradient in 
LP (A). It follows from [24, Theorem 1.3] that M 1>p (R N ) \^ = M l p (£2) and that there exists 
a linear continuous extension operator S : M Up (U) — » M 1 ' P (R 7V ). Using that M l > p (R N ) = 
W ' P (M. N ) as sets with equivalent norms, we get that M ' p (£2) = W l,p (£l) are equal as sets 
with equivalent norms, hence the extension operator S constructed forM l p (£2) is also a 
linear continuous extension operator from W l ' p (Q.) into W ' P (M. "). 

To verify that the extension operator £ constructed by Shvartsman maps W l p (Q.) n 
C(£2) into W l ' p (M. N ) CiC(M. N ) we describe shortly the construction of this explicit extension 
operator, following the arguments of Shvartsman. There exists a countable family of balls 
W = W(£2) such that R N \ £2 = \J BeW B, every ball B = B(x B ,r B ) 6 W satisfies 3r B < 
dist(B, £2) < 25r B and further every point of M. N \ £2 is covered by at most C = C(N) balls 
from W. Let (cp B ) for B e W be a partition of unity associated with this Whitney covering 
W with the properties < <p B < 1, supp(<p B ) C (9/8)r B ), £ BeW <p B (x) = 1 on R w \£2 
and |<Pb(jk:) — <Ps(y)| < Cdist(x,y)/rg for some constant C > independent of B. By [24, 
Theorem 2.6] there is a family of Borel sets {H B : B s W} such that //g C B(jcb, 7\ r B)) H 
£2> A(B) < Y2^(H B ) for all B e W with r# < 5n where 71 and 72 are positive constants. 
Now Shvartsman proved [24, Theorem 1.3 and Equation (1.5)] that a continuous extension 
operator S : M hp (D.) -> M 1 -^(R iv ) is given by 

(Aj)(*) := V u Hb <Pb{x) forx e R w \£2, where u// g := — [ udl 
Be w ^\Hb)Jh b 

and ($u)(x) := u(x) if x £ £2. The claim follows now from the construction of S . □ 

Theorem 3.14. Let U C V C M w fee non-empty open sets and assume that U is an (1 ,/?)- 
extension domain. Then there exists a constant C depending on U such that for every set 
A<Z~U 

Cap p y (A) < C ■ Cap p |t/ (A) < C • Cap, >V (A). 

Proo/ Let # C t7 be a compact set. By Proposition[331 there exist w„ G W^'^C/) n C C (C7) 
such that u n >\ on K and ||M B ||^, 1)j; . y . — > Cap p£/ (/T). Let be the extension operator 
from Theorem l3~T3l and define v„ := (<?*«„) |y. Then v„ e W 1 P (V) nC(F) and v„ > 1 on 
/T. Hence by Proposition l3.5l we get that 

C aPpy (K) < \\v n \\ P wLp(v) < ||<r|n|« B ||^ p({/) - H^fCap^^). 

Let W be an open set in U. Then there exists an increasing sequence (K n ) n of compact sets 
such that \J„K n = W. By the property (C2) we get that 

Ca Ppy (W) = limCa Ppy (^,) < ]im\\£*f Cap^fc) = \\£ *\\ p Czp p ,u(W). 
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Now let A C U be arbitrary. Then by Theorem l3.4l 

Cap p V (A) = inf {Cap p V (0) : O is open in V and A C 0} 

= inf {Cap v (ODU) : O is open in V and A C O) 
= mf{Czp pV (W) : W is open in 17 and A C W} 
< ||<?*|| p inf{Cap ;jt/ (W) : W is open in U and A C W } 
= ||<rfCap p>(/ (A). 

The remaining inequality follows from Lemma [3791 □ 

Theorem 3.15. For q < p and Acfi with C&p p a (A) = we have that Cap c/ Q (A) = 0. 

Proof. Let n G N, u £ ^,,n(A nfi(0,n)) and 77 £ C^(fi(0,2n)) be such that 77 = 1 on 
B(Q,n). Then we get by Holder's inequality 

Cap^(Anfi(0,»)) < ||u77||^ li?(£1) < C x ■ \H\\ 9 w i, P(il) < C- ||u||« lj((n) 

where C is a constant independent of u. Taking the infimum over all such u we get that 

Cap 9)£1 (An J S(0,n))<C-Cap An (AnS(0,n))^ = 

and hence by the property (C2) we get that Cap n (A) =0. □ 

3.3. Quasicontinuity and Polar Sets. The aim of this subsection is to prove the existence 
and uniqueness of Cap p n -quasi continuous representatives on £2 for Sobolev functions in 
W L "(Q.). 

Definition 3.16. A set P C £2 is said to be Cap p Q-polar if Cwp p q (P) = 0. A pointwise 
defined function m on D C £2 is called Cap p Q-quasi continuous on D if for each £ > there 
exists an open set V in £2 with Cap p < £ smc/j f/iaf m restricted to D\V is continuous. 
We say that a property holds Cap _ Q-quasi everywhere (briefly Cap p Q-q.e.) if it holds 
except for a Cap p Q-polar set. 

Lemma 3.17. Ifu G and G W 1 '-^) nC e (Q) is such that 

£ 2 ^iiu-«,ir 

fc=l 

f/zen f/ie pointwise limit u := lim^ mj- exisfs Cap p a -quasi everywhere on £2, 5 : £2 — > IR is 
Cap p Q-quasi continuous and u — u almost everywhere on £2. 

Proof. Let := {1 e : — m^(jc) | > 2~^}. Then G,t is an open set in £2 and 

?- k \ u k+\ — Wfcl > 1 on Ga-. It follows that 

Ca P P ,n( G A-) < 2 A ' P Hwjt+1 - Uk\\wL P{a) 
and hence L*. Cap p q(G^) < °°. Given e > there exists ^eN such that Cap p q(G) < £ 
where G := Ujfc>foj Since |i<i+i — < 2~ A ' on £2 \ G for all > £q we have that (m*)* is 
a sequence of continuous functions on £2 which converges uniformly on £2 \ G. Since £ > 
was arbitrary we get that u := lim^u^ exists Cap p n -quasi everywhere on £2 and 5|q\ g is 
continuous. To see that u coincides with u almost everywhere on £2 we argue as follows. 
Since k# converges to u in W > p (£l) (by possibly passing to a subsequence) we have that 
Uk converges to u almost everywhere. Since (k*)* converges to u Cap p a -quasi everywhere 
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on £2 (and hence almost everywhere on £2) we get that u = u almost everywhere on £2 (see 
Remark EB. □ 

Theorem 3.18. For every u £ W 1,/;l (£2) f/zere exi'sta a Cap p a -quasi continuous function 
u : £2 — > R smc/j fnaf = u almost everywhere on £2, fnaf is, 5 G u. 

Proof. Let u € W ,p (£2). Then by definition there exists a sequence k„ € W < p (£l) nC c (£l) 
such that u n — > u in W 1,f, (£2). By possibly passing to a subsequence the sequence (m„)„ 
satisfies the assumptions of Lemma [3.17l □ 

Lemma 3.19. Let A C £2 ant/ lef « e u e W 1:P (£2) fee a Cap p Q-quasi continuous version of 
u smc/i fna? m > 1 Cap /;1 Q-quasi everywhere on A. Then there is a sequence (u„)„ C 3p,n(A) 
which converges to u in W 1,p (£l). 

Proof. Let e > and let k G N be such that ||u — w fe||wi.p(n.) — e where Wk is given by 
Wk := max(«, —k). Let V be an open set in £2 such that Wk restricted to £2 \ V is continuous, 
Wk > 1 everywhere on A \ V and Cap,, q(V) < (k+ 1 + £k)~ p e p . Let y/ be a capacitary 
extremal for V (see Proposition l3.2b and let v e := (1 + e)w k + (k + 1 + ek) y/ > y/. Then 



ll u - v £|lwi-/'(n) < e + \\ w k-^e\\w'-p(n) <e + e|Kllw 1 .p(Q)+ e 
< e( 2 + l|u|| w i.p (n) + e). 

For the open set G := V U {x G £2 \ V : Wk{x) > 1/(1 + e)} in £2 we have that v £ > 1 a.e. 
on £2n G and A C G. Hence v £ G & P ,n(A). The claim follows with u„ := \i\/ n . □ 

Lemma 3.20. Let u G u G W ' p (£2) be a Cap p n -quasi continuous version of u ant/ ie? 
a G (0,°°). Tnen 



I'' 



Cnp p n {{x e £l:u(x)> a}) < a p \ r \\ W L P{ny 

Proof. Let A := {x G £2 : m(x) > a}. By Lemma [3 . 1 9 1 there exists a sequence (u„)„ G 
< 3/ p fi{A) which converges to a~'u + in W 1,/:l (£2). Note that u + is a Cap p n -quasi continuous 
version of u + . Hence 

Cap ; ,. n ({xG£2: u(x) > a}) < |k||^,. ; , (n) -► gT p ||u + ||^i. p(n) • 

□ 

Theorem 3.21. Let u,v G W l p (£2) be such that u < v a.e. on U Tl£2 where U is an open 
set in £2. If u G u and v G v are Cap p Q-quasi continuous versions of u ana" v, respectively, 
then u < v Cap p a -quasi everywhere on U. 

Proof. Let W be an open set in M. N such that [/ = W n £2 and let (AT n ) n be a sequence of 
compact sets such that U = \J n K„. For the sequence of compact sets we choose q>„ G SdiW) 
non-negative such that <p„ = 1 on K„. Then the function w„ := (p„(u — v) + = a.e. on £2 
and we get by Lemma [3.20l using that (p„(u — v) + is Cap p n -quasi continuous, that w„ = 
Cap p n -quasi everywhere on £2 and hence that u < v Cap p n -quasi everywhere on K„ for 
each n G N. Since the countable union of Cap p n -polar sets is Cap p n -polar we get that 
u < v Cap p n -quasi everywhere on U. □ 

Theorem 3.22. Let u G W ,p (£2). Then there exists a unique (up to a Cap p Q-polar set) 
Cap_ Q-quasi continuous function ii : £2 — > R such that u = u a.e. on £2. 
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Proof. The existence follows from Theorem 13.181 To show uniqueness we let U\,U2 G 
u G W ,p (£2) be two quasi-continuous versions u. Then u\ = 112 a.e. on £2 and hence by 
Theorem l3.21l we get that u\ = 112 Cap p n -quasi everywhere on £2. □ 

Definition 3.23. By JY*{£1) we denote the set of all Cap p Q-polar sets in £2 and we denote 
by C p (£2) the space of all Cap pSl -quasi continuous functions u : £2 — > R. On C p (£2) we 
define the equivalence relation ~ fry 

m ~ v :<^> 3P G ,jV*{££) : u — v everywhere on £2\P. 

For a function u G C p (Q.) we denote by [u] the equivalence class of u with respect to ~. 
Now the refined Sobolev space W ,P {Q) is defined by 

:= {□ : u G W hp (Q.)} G C p (£2)/ ~ 

where u := [u] with u G u G W 1,p (£2) Cap p Q-quasi continuous. We equip W l ' p (Q.) with 
the norm |Hliyi,pmv Atofe fnaf /f /s isometrically isomorphic to W ,p (£l) by Theorem \3.22\ 
For a sequence (u„)„ in W l ' p {Q) and u G W l,p (Q.) we say that (u„)„ converges Cap p n - 
quasi everywhere to u if for every u n G u„ aw/ m G u there exists a Cap p Q-polar set P such 
that u n —*u everywhere on £2\P. We say that (u„)„ converges Cap p n -quasi uniformly to u 
if for every u n G u„, u G u and £ > f/iere eja'sfs an open set G in £2 such that Cap p q(G) < £ 
and u^~^ u uniformly {everywhere) on £l\G. 

Theorem 3.24. If u„ G W l ' p {Q) converges to u G >^ lj, (fl) z'n W l ' p (€l), then there exists 
a subsequence which converges Cap p ^-quasi everywhere and -quasi uniformly on £2 to u. 

Proof. Let (u„J* be a subsequence of (u„)„ such that LfceN& p IK* ~ u ll^i. P (n) < 00 ■ We 
show that this subsequence converges Cap p ^-quasi everywhere and -quasi uniformly on 
£2 to u. Let u„ k G u„ k and u G u be fixed and define Gjt := {jc G £2 : w njfc (x) — u(x)\ > k~ l }. 
We show that w„ t (jc) — > m(je) for all x G £2 \ P where P := f|?=i Ur=/ G*. If x e ^ \ p then 
there exists jo G N such that x g" Ui£=/ G*, tnat * s ' (""tM — u ( x )\ — ^ l f° r a ^ ^ — ./0 
and hence u„ k (x) — > u(x) uniformly on £2 \ Ufc=/ an d everywhere on £2 \ P. We show 
that P is a Cap p a -polar set. Let £ > be given. Then there exists N = N(e) such that 
Lk=N kP || u «* - u || < £■ B y Lemma E2Q] we get that Csp pn (G k ) < k p \\u„ k - u||^ ljP(£1) 
and hence Cap p jj(Ufc=w G*) < £. Therefore Cap p q(P) < £ and since £ > was arbitrary 
the claim follows. □ 

Lemma 3.25. Le? U C £2 C R w fre non-empty open sets. A function u : £2 — ► R is Cap p 
^Mflii continuous on U if and only if u is Cap p Q-quasi continuous on every set CO CG C7. 

Proof. Assume that m is Cap p n -quasi continuous on every set CO CG U. Let co„ CC C7 be 
such that |J„ &>« = U and let £ > be given. Then there exists an open set V„ C CO n such 
that u\ mn \ Vn is continuous and Cap n (V n ) < e2~". Let V :— [j n V n . Then Cap n (V) < 
Y, n Cap p q ( V n ) < £ and « | y\ v is continuous . In fact, if x G U \ V then there exists noGN 
such that jc G CO nf) \ V„ . If (xk)k is a sequence in U \V converging to x then there exists £0 
such that x k G CO„ \ V„ for all k>ko- Since u | ^ \v„ is continuous we get that u(x k ) — * u (x) 
as k — > 00 and hence that M|j/\y is continuous. □ 

Theorem 3.26. Lef UcVc K be non-empty open sets and let u be a function from U 
into R. Then u is Cap p jj-quasi continuous if and only if u is Cap p v -quasi continuous. 
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Proof. If u is Cap p y-quasi continuous, then u is Cap p ^-quasi continuous by Lemma [3T9] 
Assume now that u is Cap p j/-quasi continuous and let ft) CC U be a relatively compact 
set in t/. We show that u is Cap p v -quasi continuous on ft). For this let e > be fixed. 
By Lemma [3~8l there exists a constant C > such that Cap p y (A) < C ■ Cap p y(A) for all 
A C ft). Since m is Cap p£/ -quasi continuous on ft) there exists an open set W C ft) with 
Cap pf/ (W) < e/C such that M^uy is continuous. Since Cap V (W) < CCap pU (W) < £ 
and e > was arbitrary we get that u is Cap p y-quasi continuous on ft). Since ft) CC U was 
arbitrary we get by Lemma l3.25l that u is Cap p y-quasi continuous. □ 

Corollary 3.27. Let b£u£ W ' p (Gl) be a Cap p -quasi continuous function. Then u = u 
Cap p -quasi everywhere on £2. 

Proof. Let v G u. By Theorem l3.26l v is Cap p -quasi continuous on £2. Let 0) n CC £2 be an 
increasing sequence of relatively compact sets in £2 such that \J n (O n = Q.. Let q>„ £ £F(£2) 
be such that <p„ e 1 on ft)„. Since v = u a.e. on £2 we get that <p„v = <p„u a.e. on £2. 
Since <p„v, <p„M € W ' p (Mr) are Cap p -quasi continuous on M. N we get by Theorem l3 .2 1 I that 
(p„v = (p n u Capp-q.e. on M. N and hence v = u Cap_-q.e. on ft)„. Since (©„)„ was exhausting 
we get that v = u Cap p -quasi everywhere on £2. □ 

3.4. Capacitary Extremals. The aim of this subsection is to prove the existence and 
uniqueness of capacitary extremals and to characterize them. 

Theorem 3.28. Let AcU and u £ W Up (Cl). Then u £ W p>a (A) if and only if > 1 
Cap p Q-q.e. on A. 

Proof. If u > 1 Cap pn -q.e. on A then u 6 ^ p .n(A) by Lemma [3. 191 For the converse 
implication let u £ ?¥ p .n(A). By Theorem 13 .241 there exists a sequence (u„)„ C W p fi{A) 
such that u„ — > u Cap p n-q.e. on £2. For every n £ N there exists an open set 0„ in £2 
containing A such that u„ > 1 a.e. on £2 n O n . Hence u„ > 1 Cap p Q-q.e. on A by Theorem 
13.211 This shows that u > 1 Cap pn -q.e. on A. □ 

Theorem 3.29. For A C £2 the relative p-capacity of A is given by 

Cap ; , n (A) = inf{||u||^ Lp(n) :ue^ 1 -"(£2), U >lCap p , n - ? . e . o»a} (5) 

= inf{||u||^ Lp(n) :ueW 1 '"(£2),u>lCap ; , a - ? . e . o«a}. (6) 

Proof. Denote by / the infimum on the right hand side of (O and let u £ SCq(A). Then by 
Theorem l3.28l u > 1 Cap pn -q.e. onA. Hence/< || u ||^ij,? n y Taking the infimum over all 
u 6 %.a{A) we get that / < Cap n (A). On the other hand, let u £ W l p (£2) be such that 
u > 1 Cap p Q-q.e. on A. Then by Lemma [3 . 1 9 1 there exists u„ 6 ty p ofA) such that u„ — > u 
in W l p (£2). Therefore Cap pil (A) < ll u n||^i,p/Q) an d passing to the limit as n — » °° gives 
Capp n(A) < || u|l{yi,p(n)- Now taking the infimum over all such u gives that Cap p n (A) < / 
and hence we have equality. □ 

Definition 3.30. A function u £ W ,P {£1) is called a/the Cap p ^-extremal for A C £2 if 
u > 1 Cap pSl -q.e on A and ||u||^i iP(n) = Cap P)Q (A). 

Theorem3.31. For every A C £2 with Cap p q(A) <°° there exists a unique Cap ^-extremal 
&A £ W ' p (£l). Moreover, < < 1 Cap p Q-q.e. on £2 and = 1 Cap p Q-q.e. on A. 
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Proof. Since Cap pn (A) <«>we have that & Pt n(A) is a non-empty closed and convex 
subset of W hp (£l). Let (h„)„ C %.n{A) be such that |K||^i, p(fi) -> Cap pn (A). Then the 
sequence (u„)„ is bounded in the reflexive Banach space W Lp (£l) and hence, by possibly 
passing to a subsequence, weakly convergent to a function u £ W Pj n(A), Using the lower 
semi-continuity of the norm we get that 

\\u\\^ ltPm <]imM\\u n \\^ liP{n) =Cap PiQ (A). 

Since || v ||^i,p^ > Cap p q(A) for all v £ $p,n(A) we get that this equality remains true on 
W pfi{A) and hence || u ll^i,p^j — Cap p£J (A). From Theorem [3~28l we get that := u > 1 
Cap_Q-q.e. on A. It remains to show the uniqueness. For this let w £ W l p (Q.) be a 
Cap ;; , ^-extremal for A. Then w £ ^ Pj n(A) by Theorem l3.28l If w ^ then by the uniform 
convexity of W Lp (i2) there exists v £ & p,a(A) with ||v||^[ p( < Cap p n (A) which is a 
contradiction. The additional claims follow as in Proposition l3.2l □ 

Remark 3.32. The Cap p ^-extremal for A C £2 is the projection ofO onto & p ,q{A). 

In the following we will use the convention that |<jj | p ~ 2 <i; := 6 R d if E, = £ R d . 

Lemma 3.33. Let u, v £ W l,p (Q) and define v £ := u + £v for e > 0. Then 

|Vu| p ~ 2 VuVv+|u| p - 2 uv. 



lim £ 1 



l v e||^i,p(a) H u llwi,p(n) 



Proof. For t; ,9 £M. d we have that (using the derivative with respect to e) 

Urn £ -H\^+ee\ p -m = P\^rHe 
and thus by Lebesgue's Dominated Convergence Theorem 



lim e 1 



lim / £- 1 (|u + £v| p -|u| p ) + £- 1 (|Vu + £Vv| p -|Vu| p ) 
|Vu| p - 2 VuVv+|u| p - 2 uv. 



□ 

Remark 3.34. Since the function <p : W 1 — ► M, <^ ^ | p is convex we gef f/iaf 

W\ p -m p >p\^r 2 ^'-^) forain 1 ,^^. (?) 

Proposition 3.35. Le? A C £2. 77;en a function u £ ^ ; ,.n(A) is f/ie Ca$ p ^-extremal for A 
if and only if 

Vu| p ~ 2 Vu[Vv-Vu] + |u| p ~ 2 u[v-u] >0 for allv £W p .a{A). (8) 

Proof. Let be the Cap p ^-extremal for A and let v £ 9 Pl a(A), For £ > we let v £ := 
+ £(v — e^). Using that — 1 Cap /;1 Q-q.e. on A and Theorem l3.28l we get that \i £ £ 
<3/ p q(A) and hence 

e- 1 (KCi, ( n ) -ll«ullU (n) )>0. 
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Using Lemma [3.331 we get ([8]). For the converse implication assume that u G f„Q(A) 
satisfies ®. Then by we get that ||v||^ l p(a) - ||u||£, Lp(£1) > for all v 6 W p ,n(A) and 



hence 



lul J, - inf{||v||; Lp(a) : v G %,a(A)} = Cap p , Q (A) 



p 

w x <p{a) 

□ 



3.5. Potentials. The aim of this subsection is to prove the existence and uniqueness of 
W x ' p (£2) -potentials for ii G ^^(Q)' and to characterize them. 

Definition 3.36. Let \x G #^(£2)' where W X < P {Q)' is the topological dual ofW X ' p (£l). 
Then u G W lp (Q.) is called a/the W Lp (£2) -potential of /X if u minimizes in W X ' P (Q) the 
mapping 

W^(Q.)^m, v ^I||v||^ (n) -M(v). (9) 
Theorem 3.37. Let jX G W X,P (Q)', Then there exists a unique u £ W X,P (Q) such that 

Jll u ll^(a)-M(«) = ^ w I||v||^ {Q) -M(v). (10) 
r/iaf is, for every jX G 5^ ,p (£2)' f/zere exz'sfs a unique W x,p (D.)-potential of 11. 

Proof. Let (u„)„ C W ,P {£1) be a minimizing sequence of (0. Since the infimum on the 
right hand side of (TTOb is less or equal to (take v = G W ,p (£l)), we may assume that 

i||u n ||^ liP(£1) <m(u„) < ||Mll^(£iyl|un|| for all it GN. 

This shows that the sequence (u„)„ is bounded in the reflexive Banach space W X ' P {£1) and 
hence, by possibly passing to a subsequence, weakly convergent to a function u G W 1 ,p (£2) . 
By using the lower semi-continuity of the norm in W ' P {£1) we get that 

v Jt {a) p M ^"W ~ M(v) = H n m p ll u "ll#-'=n") ~ M(Un) " £ l|u|l #''-"(n) -^( u )- 



This shows that u is a minimizer and the existence is proved. The uniqueness follows from 
the strict convexity of ||-|l^i.,, (n) - 11 
© and let u := (m + u 2 ) /2. Then 



the strict convexity of II ' ll^i.p^j ■ I n f act ' assume that uj, U2 are two different minimizer of 



£lMl5ri, ( a)-M(u) < ^ 



l Ul ll#-ip(a) + ll U2 Hjri.p(£i) 



inf -H v ll^i,prni-M(v), 

a contradiction. □ 

Theorem 13. 371 gives the existence and uniqueness for the # /1 >''(n)-potential for every 
fx G W X ' p (Q.y. A characterization for this unique #' 1,f '(£2)-potential in terms of an integral 
equation is given by the following lemma. 

Lemma 3.38. Let ju G W x - p {Q.)'. Then u G W X ' P (Q.) is the W X ' p (Q.)-potential of ju if and 
only if 

|u| p ~ 2 uv+|Vu| / '~ 2 VuVv = Ai(v) for ally eW l - p (Q.). (11) 
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Proof. Let u € W Lp (Q.) be the ^•''(Q) -potential of fl. For e > and v 6 W 1 'P(£l) we 
let v £ := u + ev e W l ' p {Q). Using the inequality 



-H u C Mn) -M(u)<-||v e ||^, p(£1) -M(v e ) 



we deduce that 



I V £|I W 1.P(0) H U lliyl,/.(£2) 



IMIUrni >M(e- 1 (v e -u))= M (v). 



For £ — > 0+ we get from Lemma [3.33l that 

|u| p ~ 2 uv+ |Vu| p ~ 2 VuVv > /i(v). 



Replacing v be — v we get equality. Hence we proved that the W ' P (Q.) -potential of ji 
satisfies (TTTT) . To prove the sufficiency part let u £ >^ l p (fi) be such that u satisfies (fTTI) . 
Then, by ©, we get for v£f l -' , (fl) that 



v C M n) " lKi*™> P /J u r 2 u(v- u) + |Vur 2 Vu(Vv-Vu)^^(v-u), 



that is, 



•M(u)<-||v||^, p(Q) - 



■At(v) for all vG^Q) 



□ 



Theorem 3.39. Lef ju 6 ^^(Q)' and u e fee the W 1,p (SI) -potential ofpi. Then 



(-Q) 



with 1/p + l/p' = 1. 



Proof. It follows immediately from Lemma 13.381 that /i(u) = II u II^i,p(qv To prove the 
remaining equality let v G 5^ '^(O) be such that llvllw^Q) < II u II iv L ' J (Q) • Using me defi- 
nition of the W X p (£2) -potential we get that 



MM 



< 



M(v)--||v||^ ljP(n) 
M(u)-^||u||^, p(n) 



p H v llwi-/'(n) 
•^H u ll^,p ( n)=M(u) 



It follows from Lemma [3.381 that if u = then ji = and the assertion is trivial. So we 
may assume that u ^ 0. Using the linearity of jX we get that for all w £ W > p (£l) with 

Ikllw^CQ) ^ 1 

H(w) <n(u/\\u\\ w i. P{a) ) 

and hence 

^(ny =M(u/||u|| w i,p (n )) y =M(u) p ' l|u|| w C(Q) = H u llK(n) = ll u Ci, (Q) - 



□ 
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3.6. Capacitary Measures. The aim of this subsection is to prove the existence and 
uniqueness for Cap p ^-measures and to characterize positive functionals in W > p (£l)'. 

Definition 3.40. A Borel measure \i on a Hausdorff space T is called a Radon measure if 
11 is inner regular and locally finite. 

Definition 3.41. We say that a Radon measure ji on Q. belongs to W l ' p (Q.)' if 

sup|^v £ /Ai:v'e# /Lp (£2)nC c (£2),||v|| wl ,„ (n) < lj < «.. 

In this case we can extend the functional v i— » f^v d/X from W > p (£i) DC C (Q.) in a unique 
way to a continuous functional fl on W 1 ' p (Q.) r i.e. fl G W X ' P (£!)'. For v G W x < p {Cl) we 
simply write jll(v) instead of jEt(v) but still have this definition of 'ju(v) in mind. 

Definition 3.42. Let A C £2 /be such that Cap_ q(A) < °° and let pi be a Radon measure in 
W l ' p (Q.y. Then fx is said to be a Cap ;j ^-measure for A if the W l,p (£l)-potential of jX is 
the Cap p ^-extremal for A. 

Definition 3.43. Let ji G W X ' P {Q.)'. Then the Cap p£r energy of jX on £2 is defined by 

E( M ):= E p (n,Cl):=M P w i, P{a y 

Lemma 3.44. Let y G W 1,P {Q)' be such that \p{w) > for all non-negative w G S := 
W l ' p (Q.) nC c (£2). Then \j/\s can be extended to a positive functional iff on Q(£2). 

Proof. Let u G C c (£l) and K := supp(i<) C £2. Fix a non-negative test function <p G @(Br) 
such that <p = 1 on K and < <p < 1 on R . Let u„ G @(Mr) be such that u n converges to u 
uniformly on £2. Since | y/(v<p) < \]f((p) || v|| TO for all v G S we get that y/(u) := lim„ y((pu„) 
exists. Note that the definition of iff does not depend on the sequence (u n )„ and <p and that 
iff is linear and positive. □ 

Lemma 3.45. Let iff G W l:P (Q.)' be such that \jf(w) > for all non-negative w G S := 
^^(n) nC c (£2). r/zen f/iere exists a unique Radon measure fl on £2 such that 

y{w)= fwdn forallweS = W l ' p (Q.)r\C c {U). (12) 



Proof. Let ij/ be given from Lemma [3. 441 Then we get from the Riesz-Markov Theorem 
(see Royden [23, Theorem 13.23]) that there exists a unique Radon measure ji on £2 such 
that iff(w) = / w c/jU for all w G C c (£2). In particular, y/(w) = W( w ) = Jwdp for all w G 5. 
Let /x' be a Radon measure on £2 satisfying ( fT2l . Using the density of S in Q(£2) we get 
that 

wdjx= _w djx' for all w G Q-(£2) 



and hence by the Riesz-Markov Representation Theorem that ji = jj.'. □ 

Theorem 3.46. Lef A GQ.be such that Cap p q(A) < °°. 77ien f/zere exisfs a unique Cmp p q- 
measure jl G W l,p (£l)' for A. Moreover, if 'u G #' 1,p (£2) is f/ze Cap ^-extremal for A then 

Ca Pp , n (A) = HuII^qj =/i(u) = EpGu,^). 
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Proof. By Proposition 13.351 and Remark [332] the Cap p n -extremal u for A is in ^ Pi n(A) 
and satisfies 



|Vu| p_2 Vu[Vv-Vu] + |u| p_2 u[v-u] >0 forallveFp,n(A). (13) 
We define W l by 

\j/(w):= [ |Vu| p ~ 2 VuVw+ |u| p ~ 2 uw. 
Ja 

If w £ 5 := /^ 1,;, (£2) HQ (£2) is non-negative, then v := u + w e ^p,a(^) ar >d hence we 
get from (fT3l l 

^(w) = / |Vu|^ 2 VuVw+|u| p " 2 uw 
Ja 

= f |Vu| / ^ 2 Vu[Vv-Vu] + |u| / ^ 2 u[v-u] >0. 
Ja 

By Lemma [3.45l we get that there exists a unique Radon measure ji on £2 such that 
VM= forallwe f Lp (£2)nQ(fl). 



It follows from the continuity of \j/ and Definition 13.411 that l/f(w) = ju(w) for all w S 
#^ llP (£2). From Lemma [3.38l we get that u is the /^ 1,p (£2)-potential of and hence fx is 
a Cap p ^-measure for A by definition. If pt' is a Radon measure in W ' p (£2)' such that u is 
the Cap p a -potential of fi r , then by Lemma [338] ju'(w) = ju(w) for all weSc W l > p {£l), 
from which we deduce the uniqueness of the Cap p ^-measure for A. The stated equality 
follows from Theorem l3.39l and Definitions l3.43l and l3.30l □ 

Theorem 3.47. Let ju S 3^ 1,p (£2)' fee a flat/on measure and let A C £2 fee \l-measurab\e. 
Then 

H(AY< EGu^Cap^A). (14) 

Proof. First assume that A is compact. Then for any non-negative v 6 # /1,/ '(£2) nC c -(£2) 
with v > 1 on A we have that 

M(A) < f-VdH=V{v) < \\^h^. P{ny \\v\\ W L P{n) . 

Taking the infimum over all such v we get by Proposition l3.5l that 

M (A)< E p ( M ,£2) 1 /"'Cap p , n (A) 1 //' 

which is equivalent to (fT~4-b . If A is an open set in £2 then we consider an increasing sequence 
of compact sets (A„)„ such that A = \J n A„. Then 

ll(A) =lim M (A„) <lim E p ( M ,£2) 1/p 'Cap pn (A„) 1 ^ - E p ( Al ,£2) 1 /p' C ap pn (A) 1 /". 

Finally let A be an arbitrary jj. -measurable set, then (since every Radon measure on £2 is 
automatically outer regular - see Royden [23, Proposition 13.14]) we get 

jll(A) = inf{ju(0) : O DA open in £2} 

< inf | E p (^,£2) 1 /' y Cap p n (0) 1/p : O D A open in £l| 

= E p ( M ,£2) 1 //''cap p , n (A). 

□ 
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Corollary 3.48. If fl G W 1 >p{Q.)' is a Radon measure, then ju(A) = for every Cap a - 
polar set. That is, p is absolutely continuous with respect to Cap /;i q. 

Theorem 3.49. Let p G W Lp (D.)' be a Radon measure. Then W Up (Q.) C L l (U,p) and 
H(u) = l_u dpi for all u G W l ' p (Q.). 



a 



Remark 3.50. Note that W ,p (£2) consists only o/Cap p Q-quasi continuous functions and 
so there is no need to pass from a function v G W • P (Q.) to its Cap p n -quasi continuous 
representative v : £2 — > BL 

Proof. Let u G W l ' p (Q.) and let (u k ) k be a sequence in W 1 'P(Q.) nC c (£2) such that (u k ) k 
converges to u in "W > p (£l). By possibly passing to a subsequence we may assume that 
IK - u||(fi,p(£i) < 4 ~ A ' for all keN. Let w := LteN - u k \. Then 



Iwdp 
Ja 



E /_K+i-"*l rf M = L ll^+i-^llz. 1 ^) 

fc=l jfc=l 



First we show that is a Cauchy sequence for p-a.e. jc G £2. Let xED.be fixed. If 

(Kjfc(*))fc is not a Cauchy sequence then w{x) = °° and since wGi 1 (£2, /i) we get that the set 
where w = °° is a /i-nullset, that is, is a Cauchy sequence in M for /i-almost every 

x G £2. It also follows immediately from the equation above that (u k ) k is a Cauchy sequence 
in L l (Q.,p) and hence convergent to a function v G L 1 ^,/!,). Moreover, m& converges /x- 
a.e. on £2 to v. On the other hand, it follows from Theorem 13 . 241 that, by possibly passing 
to a subsequence, u k converges Cap pn -quasi everywhere (and hence p-a.e.) on £2 to u. 
Therefore u = v p-a.e. on £2 and 



_u dp = /_v dpi = lim _u k dp. — \\mp(u k ) = jU(u). 
a Ja k Ja k 

In particular u GL'(£2,ju). □ 
4. An application to Sobolev spaces 

In this section we give an application of the relative capacity, namely to decide if a 
given function u lies in W ' p (Ci) or not. Here Wq' p (Q) is the closure of ^(£2) in VK 1 ' P (£2) 
and hence a closed subspace of W 1 ' p (£2). For an open set £2 C M. N the following inclusion 
holds. 

W lj, (Q)nCo(a) CWo' p (£l), l<p<oc. 
Here Co (£2) is defined to be the space of all continuous functions u : £2 — ► K such that for 
all e > there exists a compact set K C £2 such that \u\ < £ for all x G £2 \ K. To prove 
this inclusion let u G W ' p (Q.) PI Co (£2). Since u = u + — u~ we may assume without loss 
of generality that u > 0. For k G N let u k := (u — l/k) + . Then u k has compact support in 
£2. Using a mollification argument (5?(£2) 3 u kn := p„*u k — > in W 1,p (£2)) we see that 
M t G W ' p (£2) and since u k — > m in W 1,p (£2) the claim is proved. 

Lemma 4.1. Assume that £2 C /s a bounded and non-empty open set and u G W l ' p (£l). 
If there exists u G u smc/i that for all z G <3£2 f/ze limit limn 3x ^ z w(x) ex/sfs ant/ w equal to 
0, f/zen u G W 1 ' p (£2). 
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Proof. By splitting u — u + — u~ we may assume that u is a non-negative function. Now let 
m G Nbe fixed. By assumption, forz G <9£2, there exists 8 Z > such that < u(x) < l/m for 
all x 6 B m n (z, 8 Z ) (~1 £2. Since the boundary <9£2 of £2 is compact, there exist z\ , . . . , z„ G d£2 
such that 

«o 

dQc {jB KN (z k ,8 Zk )=:OcM. N . 

k=\ 

Then u m \— {u—\ /m) + G W Lp (£2) and m„, = outside the compact set K : = £2 \ O C £2. 
Hence by the mollification argument described at the beginning of this section we get that 
u,„ G Wq' p (Q.). Since i/ m — > u mW Lp {Q.) we deduce that u G wj'^a). □ 



Theorem 4.2. Lef iicl^ie an open and non-empty set and p G (1,°°)- Then 

W 1,p (a) = {u G W 1/7 (£2) : u = C3Q pn -q.e. on dQ.) . (15) 

Proof. Let D l ,p (Cl) denote the right hand side of (O. First we show that Wq P (CI) C 
D l Q p (Q.). Let u G WQ' p (n) C TV l p (f2). Then there exists a sequence of test functions 
u n 6 3>{Q) such that m„ — * u in 1V 1,P (£2). By possibly passing to a subsequence (see 
Theorem l3.241 i we get that (u n ) n converges Cap p n -quasi everywhere to u and hence 0=0 
Cap p a -quasi everywhere on <9£2, that is, u G Dq' p (Q.). 

We show that Dq' p (Q.) C W ' p (£l). Assume for the moment that £2 is bounded and let 
u G Dq P (£1) nL°°(£2) be non-negative. Then there exists a sequence (m„)„ in W 1,/J (£2) n 
C c (£2) which converges to u in W 1 - , '(£2). Since (u n V0) A HuH^ converges also to u in 
W 1,P (Q.) we may assume that < u n < || u Let u G u be fixed. By possibly passing 
to a subsequence (see Theorem l3.24t we have that for each m G N there exists an open 
set G m in £2 such that Cap p q(G„,) < 1 /m and u n —* u uniformly on £2 \ G,„. Hence there 
exists «o = no(m) such that \u„ — u\ < l/m everywhere on £2\G„, and || u„ — u|| w i. ( ,^ n j < 
l/m. Let U m be an open set in £2 such that Cap pn (J/ m ) < l/m and u — everywhere 
on <9 £2 \ U m . Consequently, \u„ Q | < 1 /m everywhere on <9£2 \ O m where 0,„ := G m U C/ m . 
Let e m G ^ /l p (£2) be the Cap ;j n -extremal for O m and fix e m G e m . By changing e m on a 
Cap_ Q-polar set we may assume that e m = 1 everywhere on O m and < e m < 1 everywhere 
on £2. Let w m := (m„ — l/m) + . Then we have that v m := w,„(l — e,„) G Wq ' p (Q.). In fact, 
for z G <3£2 we take a sequence (x„)„ in £2 which converges to z. If z G <3£2 \ O m then 

< v m (x n ) < w m {x n ) -> w m {z) = {u nQ (z) - l/m) + = 0. 

If z G d £2 n 0,„ then there exists £o such that x n G O m for all n > Icq. Hence 

< v m (x n ) = w m (x n )(\ - e m (x„)) = for all n > k . 



that v m G W 1 ' p (£2). Next we show that v m — > u in LP(fl). 



This shows that lima 3 ^, v m (x) exists and is for all z G d £2. It follows from Lemma 14711 



|u — Vm||iP(£l) - || u ~ M «o|lLP(n) + ll M "o 1 1 (£2) + H Wm ~ v mllz.p(a) 
< l/m+ |£2| 1/ 7'«+ (2/m) l / p \\w m \\ L ^ n) 



< l/m l + |£2| 1/p +{2/ m yi p \\u\\ u 
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Next we estimate H-D/V/nH^^ for 7 e {1, . . . ,N}. 

ll^' Vm llL''(n) — ll-^y'^Cl — e »»)|lLP(n) + ll w '»^y e '"llip(£i) 

< ||Wm||iyl.P(a) + ll w m|lL°°(a) ll e m llw^O) 

^ || M no|lwi,j>(£i) + ll M "o IL~(n) ' ll^llw'.pfa) 

< h\\w^(a) + 1 / m+ ^ma } -(Vm) l/p 

This shows that the sequence (v m ) m is bounded in the reflexive Banach space Wq' p (Q.) and 
hence there exists a weakly convergent subsequence (v mk ) k . Using that Wq' p (Q) is closed 
for the weak topology, we get that the weak limit w— \im k v mk G Wq' p (CI). On the other 
hand, since {v,„ k ) k converges to u in L p (Cl) as k — > °°, it follows that u = w— \im k v mk G 
Wq' p (Q.). If u G D 1 Q ' P (CI) Ci L°° (CI) is not non-negative, we get by what we proved already 
that u+ and u" are in Wq' p (CI) and hence u £ Wq P (CI). If u G £>q p (£2) let g k := (u A Jk) V 
(-£) S £>q p (i2) nL°°(i2). Since g ft -> u in W 1 >P(Q) and g k G W^'^H) by the arguments 
above we get that u G Wq' p (C1). If £2 is unbounded then we choose y/ G S>(B(0, 1)) such 
that \j/ = 1 on a neighbourhood of {0}. Let v n (x) := u(x) • y(x/n) where u G D ' p (Cl). 
Then by the above arguments we have 

v n 6flJ' p (an^(o,n)) c w 1,p (nnB(o,n)) c w ( l' p (ci). 

Using that v„ — > u in W 1 the proof is finished. □ 

To finish this section and the article we mention two further characterizations of Wq ' p (CI) . 
The original proof of the following result is due to Havin [14] and Bagby [4], an alternative 
proof is given by Hedberg [15]. 

Theorem 4.3. Let 1 <p < °°, CI C R N an open set and let u G W l ' p (R N ). Then u G 
Wq' p (CI) if and only if 



,0 



limr"" / \u(y)\dy = 



forCap p -q.e. x G M. N \ CI. 



B(x,r) 



The following characterization was recently proved by David Swanson and William P. 
Ziemer. The main difference to the previous theorem is that the function u is not assumed 
to belong to the space W l > p ( 



Theorem 4.4. D. Swanson and W. P. Ziemer [25, Theorem 2.2]. Let u G W l - p (Cl). If 

]imr~ N f \u(y)\dy = 

for Cap p -quasi every x G dCl, then u G Wq' p (CI). 

References 

[1] David R. Adams and Lars Inge Hedberg, Function spaces and potential theory, Grandlehren der mathema- 
tischen Wissenschaften, vol. 314, Springer- Verlag, Berlin, 1996. MR 97j:46024 

[2] Hans Wilhelm Alt, Linear functional analysis. An application oriented introduction. (Lineare Funktion- 
alanalysis. Eine anwendungsorientierte Einfiihrung.) 3., vollst. uberarb. und erw. Auflage., Springer- 
Lehrbuch. Berlin: Springer, xiii, 415 S., 1999 (German). 

[3] Wolfgang Arendt and Mahamadi Warma, The Laplacian with Robin boundary conditions on arbitrary do- 
mains, Potential Anal. 19 (2003), no. 4, 341-363. MR 1 988 1 10 



THE RELATIVE CAPACITY 



20 



[4] Thomas Bagby, Quasi topologies and rational approximation., J. Funct. Anal. 10 (1972), 259-268. 

[5] Markus Biegert, Elliptic problems on varying domains. Dissertation, Logos Verlag, Berlin, 2005. 

[6] Nicolas Bouleau and Francis Hirsch, Dirichlet forms and analysis on Wiener space, de Gruyter Studies in 

Mathematics, vol. 14, Walter de Gruyter & Co., Berlin, 1991. MR MR1 133391 (93e:60107) 
[7] Gustave Choquet, Theory of capacities., Ann. Inst. Fourier (Grenoble) 5 (1954), 131-295. 
[8] Robert Dautray and Jacques-Louis Lions, Mathematical analysis and numerical methods for science and 

technology. Vol. 2, Springer- Verlag, Berlin, 1988. MR 89m:0O001 
[9] Joseph L. Doob, Classical potential theory and its probabilistic counterpart. Reprint of the 1984 edition., 

Classics in Mathematics. Berlin: Springer, xxiii, 846 p., 2001. 
[10] D. E. Edmunds and W. D. Evans, Spectral theory and differential operators, Clarendon Press, Oxford, 1987. 

MR 89b:47001 

[11] Lawrence C. Evans and Ronald F. Gariepy, Measure theory and fine properties of functions, Studies in 

Advanced Mathematics, CRC Press, Boca Raton, FL, 1992. MR MR1 158660 (93f:28001) 
[12] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order, Classics in 

Mathematics, Springer- Verlag, Berlin, 2001, Reprint of the 1998 edition. MR 2001k:35004 
[13] Piotr Hajlasz, Pekka Koskela, and Heli Tuominen, Sobolev embeddings, extensions and measure density 

condition, J. Funct. Anal. 254 (2008), no. 5, 1217-1234. MR MR2386936 
[14] Victor P. Havin, Approximation in the mean by analytic functions, Dokl. Akad. Nauk SSSR 9 (1968), 245- 

248. 

[15] Lars Inge Hedberg, Non-linear potentials and approximation in the mean by analytic functions., Math. Z. 
129(1972), 299-319. 

[16] Juha Heinonen, Tero Kilpelainen, and Olli Martio, Nonlinear potential theory of degenerate elliptic equa- 
tions, Oxford Mathematical Monographs, Clarendon Press, New York, 1993. MR 94e:31003 

[17] Harro Heuser, Functional Analysis. Theory and Applications. (Funktionalanalysis. Theorie und Anwendung. 
Mit 766 Aufgaben, zum Teil mit Losungen und zahlreichen Beispielen.) 3., durchges. Aufl., Mathematische 
Leitfaden. Stuttgart: Teubner. 696 S. , 1992 (German). 

[18] Jan Maly and William P. Ziemer, Fine regularity of solutions of elliptic partial differential equations, 
Mathematical Surveys and Monographs, vol. 51, American Mathematical Society, Providence, RI, 1997. 
MRMR1461542 (98h:35080) 

[19] Vladimir G. Maz'ya, Sobolev spaces, Springer Series in Soviet Mathematics, Springer- Verlag, Berlin, 1985, 
Translated from the Russian by T. O. Shaposhnikova. MR 87g:46056 

[20] Vladimir G. Maz'ya and Sergei V. Poborchi, Differentiable functions on bad domains, World Scientific 
Publishing Co. Inc., River Edge, NJ, 1997. MR 99k:46057 

[21] James R. Munkres, Topology. Inded., Upper Saddle River, NJ: Prentice Hall, xvi, 537 p. , 2000. 

[22] J.Tinsley Oden and Leszek F. Demkowicz, Applied functional analysis., Boca Raton, FL: CRC Press. 653 
p. , 1996. 

[23] H.L. Royden, Real analysis. 3rd ed. , New York: Macmillan Publishing Company; London: Collier Macmil- 

lan Publishing, xx, 444 p. , 1988. 
[24] P. Shvartsman, On extensions of Sobolev functions defined on regular subsets of metric measure spaces, J. 

Approx. Theory 144 (2007), no. 2, 139-161. MRMR2293385 (2007k:46057) 
[25] David Swanson and William P. Ziemer, Sobolev functions whose inner trace at the boundary is zero, Ark. 

Mat. 37 (1999), no. 2, 373-380. MR 2000g:46048 
[26] Kosaku Yosida, Functional analysis, 6th ed., Grundlehren der Mathematischen Wissenschaften, vol. 123, 

Springer- Verlag, Berlin, 1980. MR 82i:46002 



